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$\mathrm{A}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{y}\mathrm{S}\mathrm{i}\mathrm{S}$ of Discrete Groups $\mathrm{I}\mathrm{I}$ ,
Schwarz , M\"obius
. , $([\mathrm{W}])$ .
, , Schwarz
– Riemann , M\"obius
. , , $\mathrm{C}^{3}$ Nehari
,
1. Schwarz .




. , $\nabla$ $R_{g}$ $g$
, $g$ Cliflord . Clifford [W]
, $T_{x}M$ Clifford $Cl(\tau_{x}M)$
$T_{x}M$ ,




. , t\in E
$s^{3_{X}}(t)\in\wedge^{1}T_{x(t)(t)}M=T_{x}.M$ , $s^{2_{X}}(t)\in\wedge^{\tau_{x()}}tM\oplus 02\wedge T_{x}(t)M$
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. $s^{2}x$ $0$- , 2- $s^{2}x^{(0}$), $s^{2}x^{(2)}$ . .. : $:$ ’
, $\sigma=|\dot{x}|,$ $\xi=\dot{x}/\sigma$ $s^{2}x$ ,
$s^{2}x=2 \sigma^{2}(\frac{\xi\xi\sigma}{\sigma}-\frac{1}{2}(\frac{\xi\sigma}{\sigma})^{2}-+\frac{1}{4}(\kappa^{2}+\frac{R_{\mathit{9}}}{n(n-1)}))-\sigma^{2}(\nabla_{\xi}\nabla_{\xi}\xi\wedge\xi)$
. , $f_{\hat{\iota}}$ $x$ . Frenet-Serret
$\nabla_{\xi}\nabla_{\xi}\xi=-\kappa^{2}\xi+(\nabla_{\xi}\xi)_{U+}\mathcal{T}$
( , $l\ovalbox{\tt\small REJECT}$ , $\tau$ ) , .
1.1. $s^{2}x^{(2)}(t)=0$ $\Leftrightarrow$ $\dot{\kappa}(t)=0,$ $\tau=0$ .
.
, $s^{2}x=0$ , $s^{2}x^{(0}$ ) $(t)=0$
, . $s^{2}x=0$
M\"obius . $\mathrm{M}$ – 1 2
, M\"obius $-$ .
, M\"obius $\dot{\mathrm{M}}$\"obius $-$ .
. Schwarz ,
.
12. $x:Iarrow \mathrm{R}^{n}$ $s^{2_{X}(0)}(t)\leq 0$ ; $x$
. .
$s^{2}x$ M\"obius , $\mathrm{R}^{n}arrow S^{n}$ M\"obius
, 12 $\mathrm{R}^{n}$ $S^{n}$ .
. $t\in I$ , $x(t)$ $x$ 2 M\"obius $m$
,
$m(\infty)=m(-\infty)=x(t)-2\dot{x}(t)_{\ddot{X}(}t)^{-}1_{\dot{X}}(t)$
. $x(t)$ $x$ $m(\infty)$ ( $-$ ) $S(t)$ ,
$\mathrm{R}^{n}-S(t)$ 2 , $\epsilon>0$ $x(t+\epsilon)$
$B(b)$ . $B(t)$ $t$ .
$S(t)$ $C(t)$ , $r(t)$ . $t_{1}<t_{2}$







, $s^{2}\dot{x}^{()}0(t)\leq 0$ , $B(t)$ .
, $x$ .
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2. Schwarz M\"obius .
$M$ $N$ Riemann , ( $\mathrm{C}^{3}$ )
$f$ : $Marrow N$
. $M$ $x$ $s^{3}x$ , $x$ $f$




. $S^{2}f$ $f$ Schwarz . , $S^{2}f$ Schwarz
.
$S^{3}f(t)$ $S^{2}f(t)$ $x$ ,
, $x(t)$ $x$ 1 $X=\dot{x}$ 2 $Y=\text{ }\dot{x}$
, $S^{3}f(x, Y),$ $S^{2}f(X, Y)$ .
Schwarz $S^{2}f$ M\"obius , $\langle\dim M=\dim N$
, $f$ : $Marrow N$ .
2.1. $f$ : $Marrow N$ , .
(1) $S^{2}f=0\Leftrightarrow f$ M\"obius M\"obius .
(2) $S^{2}f^{(2)}=0\Leftrightarrow f$ .






, 2.1 (1) M\"obius , (2)
. , M\"obius
, $\dim M=\dim N\geq 2$ . (
2 ) , ,
Riemann , ,
.
22. $\dim M=\dim N\geq 2$ , $f$ : $Marrow N$
$S^{2}f=0$ $\Leftrightarrow$ $s^{2}f^{(2)}=0$ .
, [Y] M\"obius ,
Vogel [V] . Osgood-Stowe [OS]
, Vogel .
, 2 M\"obius .
, . [KW]
, . , $f:\mathrm{R}^{n}arrow \mathrm{R}^{n}$
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. $S^{3}f,$ $S^{2}f$ ,
, [W] – . $X=\dot{x},$ $Y=\ddot{x}$ ,
$S^{2}f^{(2)}(X, Y)$ $Y$ 2
$- \frac{3}{\langle f_{*}(X),f_{*}(x)\rangle}(\frac{\langle f_{*}(X),f*(Y)\rangle}{\langle f_{*}(X),f_{*}(x)\rangle}-\frac{\langle X,\mathrm{Y}\rangle}{\langle X,X\rangle})x_{\wedge Y}$
. $f$ , $X,$ $Y$ $0$ ,
. $n\geq$. $3$ , Liouville M\"obius
. $n=2$ ${\rm Im} S_{f}(z)=0$
, , M\"obius .
, , M\"obius .
, [W] .
22 , , .
23. $f$ : $Marrow N$ , $S^{3}f(X, Y),$ $S^{2}f(X, Y)$
$Y$ .
, $S^{2}f$ Schwarz – .
, $\mathrm{C}$ $\mathrm{R}^{2}$ Clifford $Cl_{2}$ $Cl_{2}^{(v)}e=\mathrm{R}\oplus \mathrm{R}\mathrm{i}_{1}\mathrm{i}_{2}$ ,
$\mathrm{i}rightarrow \mathrm{i}_{1}\mathrm{i}_{2}$ – . $\mathrm{i}_{1},$ $\mathrm{i}_{2}$ $\mathrm{R}^{2}$ .
$f$ : $\mathrm{C}arrow \mathrm{C}$ Riemann $S^{2}f$ , $\mathrm{C}$ $\mathrm{R}^{2}$
– , $\mathrm{i}_{1}$ :
$R\cdot$ : $\mathrm{C}=Cl_{2}^{(v)}earrow \mathrm{R}^{2}=c\iota_{2}^{(1)}$ .
$1_{1}$
,
$S^{2}f=S_{f(}z)\dot{z}2\in \mathrm{C}=Cl_{2}^{(v)}e$ , (2-1)
. $S_{f}(z)$ $f$ Schwarz
$S_{f}(z)= \frac{f’’’(Z)}{f’(_{\mathcal{Z})}}-\frac{3}{2}(\frac{f’’(_{Z)}}{f’(z)})^{2}$








23 , $f$ : $Marrow N$ . , $f$
, $s^{2}f^{(0)}(X, Y)$ $Y$ , $s^{2}f^{(0)}(X)$
. . .
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3.1. $(M, g)$ Riemann , $C$ , $M$ 2 ,
( ) , $\kappa$ $l$
$C \leq\frac{2\pi^{2}}{l^{2}}-\frac{1}{2}\kappa^{2}$ (3-1)
. , .







. $\kappa$ $x$ .
. $ps$ l/2 $<s<1/2$ ,
$t= \tan\frac{\pi s}{l}$ .
3.1 . $M$ 2 $p,$ $q$ $f(p)\neq f(q)$




$f$ : $Marrow \mathrm{R}^{n}$ , $y=f\circ x$ . , $s^{2}x\in \mathrm{R}$
$s^{3}x=(s^{2}x)\dot{x}$ , $f_{*}(S^{3}X)=(s^{2}x)f_{*}(\dot{x})$ ,
$s^{2}y=s^{2}f(\dot{x}, \nabla\dot{x}\dot{X})+f_{*}(S^{3}x)f*(\dot{x})-1$
$=S^{2}f(_{\dot{X},\nabla_{\dot{x}^{\dot{X}}}})+s^{2}x$ .
, (3-2), (3-3) $S^{2}f$ 2 $\nabla_{\dot{x}}\dot{x}$ ,
$\frac{(s^{2}y)(0)}{g(\dot{X},\dot{X})}\leq\frac{S^{2}f^{(0})(\dot{X})}{g(\dot{X},\dot{X})}+\frac{s^{2}x}{g(\dot{x},\dot{x})}$
$\leq 0$
, 12 $y=f\circ x$ , $f(p)\neq f(q)$ .
, 3.1 , .
[S] .
, $D^{2}$ $f$ : $D^{2}arrow \mathrm{C}$ . $D^{2}$ J-
$ds=|dz|$ , $ds= \frac{2|dz|}{1-|z|^{2}}$ , $ds= \frac{2|dz|}{1+|z|^{2}}$ ,
$\frac{R_{g}}{2}=0,$ $-1,$ $+1$ . M\"obius ,
$S^{2}f=sf(z)$ 3.1 , .
48
33. $D^{2}$ $f$ : $D^{2}arrow \mathrm{C}$ ,
.
(1) $|S_{f}(z)| \leq\frac{\pi^{2}}{2}$ for $z\in D^{2}$ ,
(2) $|S_{f}(z)| \leq\frac{2}{(1-|z|^{2})^{2}}$ for $z\in D^{2}$ ,
(3) $|S_{f}(_{Z)|} \leq\frac{6}{(1+|z|^{2})^{2}}$ for $z\in D^{2}$ .
( $\mathfrak{y}$ (2) Nehari [N] + . Osgood-Stowe$..[\mathrm{O}\mathrm{S}]-$
$n$ .
3.1 , .
34. $C=\{z\in \mathrm{C}||z|=1\}$ $f$
$|S_{f}(z)|< \frac{3}{2}$ for $z\in C$
$C$ , $C$ .
$f(z)=z^{2}$ $C$ $|S_{f}(.z)|=3/2$ , 3/2
.
.
35. $r>1$ , $A_{r}=\{z\in \mathrm{C}|1<|z|<r\}$
$f$ : $A_{r}arrow \mathrm{C}$
$|S_{f}(_{Z)|} \leq\frac{2}{(1+r^{2})^{2}}(\frac{\pi^{2}}{4(\arctan\frac{1}{r})2}-1)$ for $z\in A_{r}$
.
3.1 , , 2
, :
36. $(M, g)$ Riemann , $M$ 2 ,
. ,









37. $D^{2}$ ( $\mathrm{C}^{3}$ ) $f.\cdot D^{2}arrow \mathrm{C}$ , $z\in D^{2}$
$X\in \mathrm{C}(X\neq 0)$ ,
${\rm Re} s^{2}f(x, \mathrm{o})\leq\frac{2}{(1-|Z|^{2})^{2}}|X|^{2}$
, .










Den $=f_{z}^{2}X^{2}+2f_{z}f_{\overline{z}}X \overline{x}+f\frac{2}{z}\overline{X}^{2}$ .
$f$ , Schwarz .
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